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Abstract
The Wheeler-DeWitt equation provides the probability distribution for the curvature
perturbation, the gauge invariant quantum fluctuation of the inflaton. From this, we can
find a tower of power spectrum which is not found in a perturbative approach. Since the
power spectrum for the modes that cross the horizon contributes to the uncertainty in
the classical inflaton displacement, we obtain new conditions for the eternal inflation. In
the presence of the patch in the higher excitations, the bound on the slow-roll parameter
allowing the eternal inflation is given by at most ǫ . (2n + 1)(H/mPl)
2 with n integer.
For large n, the bound on ǫ is relaxed such that the eternal inflation can take place with
even larger value of ǫ. While the second law of thermodynamics implies that n = 0 state
is preferred, we cannot ignore such large n effect since the nonlinear interaction inducing
transitions to the n = 0 state is suppressed.
1 Introduction
Whereas our understanding on quantum gravity still remains incomplete, we expect that the
quantum nature of gravity plays the crucial role in the early universe. For example, primordial
quantum fluctuation is believed to be the origin of large scale inhomogeneities as we observe
from cosmic microwave background (CMB) radiation [1, 2]. In the inflationary cosmology
[3, 4, 5], quantum effects which are not contained in general relativity may give rise to the
‘eternal inflation’ [6, 7, 8, 9, 10] (for a review, see, e.g., [11]) by preventing the decrease in the
vacuum energy density given by 3m2PlH
2. Since the eternal inflation takes place only when the
change in horizon size H−1 is sufficiently tiny, investigating whether there is a physical reason
in quantum gravity to forbid eternal inflation has a close connection to the stability of de Sitter
(dS) spacetime. If quantum gravity excludes the small slow-roll parameter ǫ = −H˙/H2 as
the dS swampland conjecture claims [12], the eternal inflation is not allowed as well [13, 14].
However, the conjecture has been refined [15], 1 under which ǫ may be small for sufficiently
long enough time [19, 20] provided m2Pl∇2V/V ∼ −O(1) is satisfied [21, 22]. Then the eternal
inflation may be consistent with the refined conjecture [23]. Nevertheless, other quantum
gravity mechanism such as the backreaction coming from Hawking radiation can destabilize dS
such that the eternal inflation is difficult to occur [24, 25].
In order to quantify the condition for the eternal inflation, we need to investigate a size of
the quantum fluctuation of inflaton. For this purpose, we note that the geometry of spacetime
during inflation is quasi-dS, in which the time translation invariance is spontaneously broken.
Then the quantum fluctuation of the scale factor, or equivalently, time combines with that of
the inflaton to become physical, which we will call the curvature perturbation [26, 27] (see also
[28, 29] for discussion in terms of the path integral). The curvature perturbation has a remark-
able property that as it crosses the horizon, i.e., its wavelength is stretched beyond the horizon,
the quantum effects from the non-commutativity are suppressed. As a result, the curvature
perturbation begins to behave like the classical long wavelength fluctuation [30, 31], which can
be interpreted as a generation of the uncertainty in the classical displacement of inflaton. More
precisely, as time goes on, the curvature perturbation of wavenumber satisfying k = aH begins
to cross the horizon in sequence, then the uncertainty in the inflaton displacement is accumu-
lated as given by (H/2π)2H∆t. After the Hubble time H−1, the uncertainty in the inflaton
displacement is increased by (H/2π)2. At the same time, a single causal patch exponentially
expands and becomes e3 ≃ 20 causal patches. If the size of the inflaton displacement caused by
quantum fluctuations exceeds the classical variance of the inflaton ϕ˙H−1 in at least one of these
patches, the inflaton in this patch fluctuates up inducing ‘eternal’ exponential expansion of the
patch. By ignoring nonlinear interaction and postulating that the quantum fluctuation forms a
stochastic Gaussian noise, the Gaussian probability distribution for the inflaton displacement
can be obtained by solving the Fokker-Planck equation [32] which describes the random walk
of the inflaton trajectory. Then we learn that for the eternal inflation to take place, ǫ is much
smaller than H2/m2Pl.
The uncertainty in the inflaton displacement discussed above is obtained from the power
1While the original dS swampland conjecture considers the condition on the slope and the curvature of
the potential, it eventually states the condition on the geometric quantity, the Hubble parameter H [16]. For
discussion on the thermodynamic aspect of the conjecture, see, e.g., [17]. For discussion on the conjecture in
light of the wavefunction of universe along the line similar to this article can be found in, e.g., [18].
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spectrum, the two point correlator of the curvature perturbation in the cosmological perturba-
tion theory. Meanwhile, the geometrodynamical approach (for a review, see, e.g., [33]) provides
the probability distribution for the curvature perturbation from which we can read off the
power spectrum as well. As can be found in Arnowitt-Deser-Misner (ADM) formlism [34], a
time translation generator, the Hamiltonian involving both gravity and matter parts is a con-
straint hence annihilates the physical states. This condition is written as the Wheeler-DeWitt
(WDW) equation [35, 36], the equation for the ‘wavefunction of universe’. While time is not
explicit in WDW equation, we can define time in the semiclassical limit by specifying the clock
field that parametrizes ‘how matter follows gravity’ [37] (see also [38, 39]). Then the WDW
equation has the form of Schro¨dinger equation. In the minisuperspace in which the degrees of
freedom are restricted to the scale factor and the inflaton, we expect that the probability distri-
bution for the curvature perturbation is obtained by solving it [40]. Indeed, when the nonlinear
interaction is negligibly small, the WDW equation can be regarded as the Schro¨dinger equation
for the harmonic oscillator with time dependent mass and frequency [41] (see also [42]).
Then it turns out that one of solutions which corresponds to the ground state gives the
Gaussian probability distribution for the curvature perturbation, and the uncertainty in this
case is consistent with the power spectrum in the cosmological perturbation theory, as given
by (H/2π)2 [41, 43]. Moreover, the WDW equation is also solved by a tower of wavefunctions,
which correspond to the higher excitations of the oscillator [43]. The salient feature of these
additional solutions is that as the excitation number gets larger, the probability is no longer
peaked at the classical trajectory and the uncertainty gets larger. This can be understood from
an analogy with the simple harmonic oscillator, in which the probability to detect the particle
is maximized at the turning point, where the velocity of the oscillator vanishes. Such a different
behavior of probability distribution provides another type of eternal inflation condition when
some patches in the universe have large excitation numbers. As the uncertainty in the inflaton
displacement gets larger, we expect that the condition for the eternal inflation can be relaxed.
Our study confirms this by showing that first, Gaussian is a good description of the probability
distribution for the inflaton displacement even if the curvature perturbation has a different
probability distribution, and second, the condition for the eternal inflation is given by at most
ǫ . (2n + 1)(H/mPl)
2, where the excitation number n is an integer. Hence, in the presence of
the causal patch having large n, the larger value of ǫ allows the eternal inflation. On the other
hand, since the nonlinear interaction induces the transition between different excitations, we
may ask if there is a direction toward some specific state as a result of it. As the number of
patches increases exponentially, the complete calculation of the transition probability is quite
nontrivial. Instead we may argue that the ‘ground state’ is preferred by the second law of
thermodynamics, following [44] (see also [45, 46]). Of course, since the nonlinear interaction
inducing the transition is suppressed by ǫ as well as H/mPl, the transition probability is small,
which implies that the effect from the states having large excitation number is not ignorable.
This article is organized as follows. After a brief review on the WDW equation and set-
tlement of the notation in section 2, we move onto section 3 to present the solution to WDW
equation for quasi-dS background, which has been studied in [43]. While we concentrate on
the uncertainty in the curvature perturbation for the k ≫ a(t)|m| mode, we also find that the
uncertainty in the homogeneous limit, i.e., that for the k ≪ a(t)|m| mode also has interesting
properties. We postpone this issue in appendix A since it is out of the mainstream of our
discussion. Solutions to the WDW equation are used in section 4 to give the condition for
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the eternal inflation, which shows that for the large excitation number the bound on ǫ for the
eternal inflation is relaxed. We also discuss the implication of the new bound as well as effects
from nonlinear interactions. After arguing that the second law of thermodynamics prefers the
ground state, we conclude.
2 WDW equation for FRW universe
In ADM formalisn [34], the metric is decomposed in terms of a lapse N , a shift Ni, and a spatial
metric γij,
ds2 = −N2dt2 + γij(N idt+ dxi)(N jdt+ dxj), (1)
from which the action for gravity and matter field ϕ is written as
S =
∫
d3x
[
πij∂tγij + πϕ∂tϕ−NH−NiHi
]
. (2)
In the last two terms, H and Hi generate time- and spatial reparametrizations respectively,
under which physics is invariant by general covariance. Non-dynamical N and N i play the role
of Lagrange multipliers that accompany constraints : varying the action with respect to them
gives the conditions H = Hi = 0. Quantum mechanically, the constraints read
H|Ψ〉 = 0, Hi|Ψ〉 = 0. (3)
In particular the condition on H is called the WDW equation, which has been regarded as an
equation for the ‘wavefunction of universe’ [35, 36].
Now we consider spacetime geometry described by Friedmann-Robertson-Walker (FRW)
metric
ds2 = −dt2 + a2(t)
[ dr2
1−Kr2 + r
2dθ2 + r2 sin2 θdφ2
]
. (4)
We note that by normalization leading to K = 0 or ±1 a scale factor a(t) has a dimension −1
while r is dimensionless. Then the action is written as
S =
1
2
∫
d4x
[
m2Pl[−aa˙2 +Ka] + a3
[1
2
ϕ˙2 − 1
2
(∂iϕ)
2
a2
− V (ϕ)
]]
, (5)
where m2Pl = (8πG)
−1, and if the matter potential is flat, i.e., V (ϕ) = V0, it gives the cosmo-
logical constant Λ = V0/m
2
pl. From the canonical momenta,
πa = −6m2Plaa˙, πϕ = a3ϕ˙. (6)
the Hamiltonian density is given by
H = πaa˙+ πϕϕ˙− L
=
1
2a3
[
− 1
6m2Pl
a2π2a + π
2
ϕ
]
+ a3
[1
2
(∂iϕ)
2
a2
+ V (ϕ)− 2Km
2
Pl
a2
]
.
(7)
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Classically, the constraint H = 0 is in fact nothing more than the Friedmann equation : putting
(6) into (7) with the homogeneity assumption ∂iϕ = 0 we obtain
( a˙
a
)2
=
1
3m2Pl
[1
2
ϕ˙2 + V (ϕ)
]
− K
a2
. (8)
From now on we consider the flat FRW spacetime only, so we set K = 0.
In the field basis, the canonical momenta in the WDW equation, H|Ψ〉 = 0 is represented
by the functional derivatives. Since the momentum part,
1
2
[
− 1
6m2Pla
π2a +
1
a3
π2ϕ
]
≡ 1
2
GABπAπB, (9)
is written with respect to the field space metric GAB = diag.(−6m2Pla, a3), we replace the
momentum term by ‘Laplacian’ as
GABπAπB → − 1√−G∂A(
√−GGAB∂B) = − 1
a3
[
− 1
6m2Pl
a
∂
∂a
(
a
∂
∂a
)
+
∂2
∂ϕ2
]
=
1
a3
[ 1
6m2Pl
∂2
∂N2e
− ∂
2
∂ϕ2
]
,
(10)
where Ne being the number of e-folds such that the WDW equation reads
e−3Ne
2a30
[[ 1
6m2Pl
∂2
∂N2e
− ∂
2
∂ϕ2
]
+ a40e
4Ne(∂iϕ)
2 + 2a60e
6NeV (ϕ)
]
Ψ(Ne, ϕ) = 0. (11)
3 Solution to the WDW equation as a probability den-
sity
3.1 WDW equation for the curvature perturbation
In the WDW equation (11), time does not appear as an explicit parameter. Instead the scale
factor, or equivalently, the number of e-folds Ne can play the role of the ‘clock field’. It defines
time in the semiclassical limit, from which the WDW equation has the form of the Schro¨dinger
equation. Since we are interested in the probability distribution for the curvature perturbation,
we also need to rewrite (11) by including quantum fluctuations of the inflaton ϕ and Ne [40].
These quantum fluctuations are not independent but form the gauge invariant combination, the
Mukhanov-Sasaki variable [47, 48]. It corresponds to the scalar field representing the curvature
perturbation, 2
ϕ˜ = δϕ− ϕ˙
H
δNe, (12)
2In fact, time as well as time derivative here is defined after the clock field is specified as shown in the following
discussion. Nevertheless, we use time derivative in advance since we are working in the semiclassical limit and
also expect that the gauge invariant (hence physically meaningful) quantity which becomes the Mukhanov-Sasaki
variable in the semiclassical limit can be defined.
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where ϕ˙ is the time derivative of the classical trajectory of ϕ, which is connected to ǫ through
ǫ =
ϕ˙2
2m2PlH
2
≪ 1. (13)
This shows that the time translation invariance which has been a part of dS isometry is sponta-
neously broken in the quasi-dS background, such that the fluctuation in time, or equivalently,
that in Ne becomes physical by ‘absorbing’ the inflaton fluctuation. The dynamics of ϕ˜ is
equivalent to that of the scalar field on the quasi-dS background, whereas detailed form of
interactions reflects the nature of the trace part of the metric. Indeed, the quadratic action for
ϕ˜ is simply that for the scalar field on quasi-dS background,
S2 =
∫
d4x
a3
2
[ ˙˜ϕ2 − 1
a2
(∂iϕ˜)
2 −m2ϕ˜2], (14)
where the mass squared is given by m2 = −3Hǫ˙/(2ǫ) − ǫ¨/(2ǫ) + ǫ˙2/(4ǫ2), roughly H2 times
slow-roll parameter. 3
Then we can consider the WDW equation as a functional of classical trajectories Ne, ϕ
and the quantum fluctuation ϕ˜. In fact, Ne and ϕ are not independent as they are connected
through the Friedmann equation, hence we take Ne as the only classical variable in the WDW
equation. In addition, in the slow roll approximation, πϕ = a
3ϕ˙ is ignorable compared to the
potential term since π2ϕ = a
6ϕ˙2 ≪ a6V = 3a6m2PlH2 as implied by (13) [41]. Then the WDW
equation is written as
e−3Ne
2a30
[[ 1
6m2Pl
∂2
∂N2e
− ∂
2
∂ϕ˜2
]
+ 2a60e
6NeV (ϕ) + (−a40e4Ne∂2i +m2a60e6Ne)ϕ˜2
]
Ψ(ϕ˜, Ne) = 0. (16)
In order to solve (16) in the semiclassical limit, [41, 42] suggested that we first consider the
wavefunction in the WKB approximation form Ψ ∼ eiS and then expand S with respect to mPl
as S = m2PlS0 + S1 + · · · . Here we summarize the results obtained in [41] below:
• At O(m4Pl), we have (∂S0
∂ϕ˜
)2
= 0, (17)
hence S0 is independent of quantum fluctuation ϕ˜.
• At O(m2Pl),
−m
2
Pl
6
( ∂S0
∂Ne
)2
−m2Pl
(
i
∂2S0
∂ϕ˜2
− 2∂S0
∂ϕ˜
)
+ 6a60e
6Nem2PlH
2 = 0. (18)
3Typically, the curvature perturbation focuses on the fluctuation in Ne, by defining R = δNe − Hϕ˙ δϕ. Then
the quadratic action for R is written as
S2 =
∫
d4x
a3
2
(2ǫm2Pl)
[
R˙2 − 1
a2
(∂iR)2
]
, (15)
which reflects the spontaneous breaking of dS isometry in a more obvious way : ǫ is the order parameter for the
dS isometry breaking, and the action looks like that for the Goldstone boson. In this article, we instead take
an equivalent field ϕ˜ =
√
2ǫmPlR as a dynamical variable for the convenience of formal treatment.
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The second parenthesis vanishes from (17). This is equivalent to the Hamilton-Jacobi
equation, the solution to which is given by
S0(Ne) = ±2Ha30e3Ne . (19)
• At O(m0Pl),
e−3Ne
2a30
[1
6
[
i
∂2S0
∂N2e
− 2 ∂S0
∂Ne
∂S1
∂Ne
]
−
[
i
∂2S1
∂ϕ˜2
−
(∂S1
∂ϕ˜
)2]
− (a40e4Ne∂2i −m2a60e6Ne)ϕ˜2
]
= 0.
(20)
We first note that the second bracket can be interpreted as a part of
∂2
∂ϕ˜2
eiS1 =
[
i
∂2S1
∂ϕ˜2
−
(∂S1
∂ϕ˜
)2]
eiS1 . (21)
Now, we can define ‘time’ in the Banks’ sense [37],
∂
∂t
= −e
−3Ne
6a30
∂S0
∂Ne
∂
∂Ne
= H
∂
∂Ne
. (22)
Then (20) is equivalent to the Schro¨dinger equation for the wavefunction
ψ(Ne, ϕ˜) = γ(Ne)e
iS1(Ne,ϕ˜), γ(Ne) =
√
∂S0
∂Ne
, (23)
which is given by
i
∂
∂t
ψ =
e−3Ne
2a30
[
− ∂
2
∂ϕ˜2
+ (−a40e4Ne∂2i +m2a60e6Ne)
]
ψ ≡ Hψ. (24)
The procedure above as studied in [41] shows that in the semiclassical limit we can define
time from which the WDW equation is converted into the Schro¨dinger equation (24) for the
curvature perturbation ϕ˜. Then |ψ|2 can be interpreted as a probability density for ϕ˜.
3.2 Solving the WDW equation
In this section, we solve the WDW equation in the Schro¨dinger equation form, (24) which is
relevant to our discussion on eternal inflation. For this purpose, we consider massless (m = 0)
but inhomogeneous (∂iϕ˜ 6= 0) fluctuation. This is a good approximation for the extremely
tiny slow-roll parameter, or the modes satisfying k ≫ a|m|. From this, we obtain the power
spectrum as the uncertainty in the probability distribution for ϕ˜ [43]. As already known
[52, 53, 54], the power spectrum for the superhorizon mode contributes to the uncertainty
in the classical inflaton displacement in an accumulative way. On the other hand, when we
are interested in the uncertainty in homogeneous field, we may consider the infrared mode
k ≪ a|m|, in which the curvature perturbation is almost homogeneous (∂iϕ˜ ≃ 0). Since this
is not in the mainstream of our discussion concerning the eternal inflation, we discuss some
feature of this case in appendix A.
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In order to find the WDW equation in the case of ∂iϕ˜ 6= 0, we first consider the Fourier
decomposition of ϕ˜ in momentum space,
ϕ˜(x) =
∫
d3k
(2π)3/2
eik·xϕ˜k. (25)
Then the quadratic action in momentum space is written as
S2 =
∫
dt
a3
2
∫
d3k
(2π)3
[ ˙˜ϕk ˙˜ϕ−k −
[k2
a2
+m2
]
ϕ˜kϕ˜−k]. (26)
Treating the momentum as an index specifying different complex scalar fields (ϕ˜−k = ϕ˜
†
k
for
real ϕ˜(x)), the Hamiltonian can be understood as a sum (more precisely, integration) of the
Hamiltonian for each mode,
Hk = e
−3Ne
2a30
[
− ∂
2
∂ϕ˜k∂ϕ˜−k
+ (k2a40e
4Ne +m2a60e
6Ne)ϕ˜kϕ˜−k
]
. (27)
Moreover, dividing π˜−k = −i∂/∂ϕ˜k and ϕ˜k into real and imaginary parts, under the ansatz for
the wavefunction for ϕ˜k = ϕ˜
R
k
+ iϕ˜I
k
,
ψ({ϕ˜k}) =
∏
k
ψR
k
(ϕ˜R
k
)ψI
k
(ϕ˜I
k
), (28)
the Schro¨dinger equation for each mode is written as
i
∂
∂t
ψA
k
=
e−3Ne
2a30
[
− ∂
2
∂ϕ˜A
k
∂ϕ˜A
k
+ (k2a40e
4Ne +m2a60e
6Ne)ϕ˜A
k
ϕ˜A
k
]
ψA
k
, (29)
with A = R, I. This is equivalent to the time-dependent harmonic oscillator, H = 1
2M(t)
p2 +
1
2
M(t)Ω(t)2q2 (q : ϕ˜A
k
, p : π˜A
k
), with
M(t) = a30e
3Ne , Ω(t)2 =
e−6Ne
a60
[a40e
4Nek2 +m2a60e
6Ne ]. (30)
Solution to the Schro¨dinger equation for the time-dependent harmonic oscillator is already
known [49, 50]. It makes use of the fact that, the Hamiltonian which is at most quadratic in the
variable and its canonical momentum has a constant Hermitian operator, the Lewis-Riesenfeld
invariant I [51]. Here, by ‘constant’, we mean I satisfies
dI
dt
=
∂I
∂t
− i[H, I] = 0. (31)
The Lewis-Riesenfeld invariant for the time dependent harmonic oscillator is given by
I =
1
2
[ q2
ρk(t)2
+ (ρk(t)p−M(t)ρ˙k(t)q)2
]
. (32)
From the condition (31), the time dependent function ρk(t) satisfies
ρ¨k + 3
M˙
M
ρ˙k + Ω
2ρk =
1
M2ρ3k
. (33)
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It has been found in [51] that, the solution to the Schro¨dinger equation iψ˙ = Hψ is given by the
superposition of the eigenstates φn of I with the ‘gauge transformation’ by the ‘Lewis phase’
αn,
ψ(t) =
∑
n
cne
iαn(t)φn, (34)
where the Lewis phase satisfies
dαn
dt
=
〈
φn
∣∣∣[i ∂
∂t
−H
]∣∣∣φn
〉
. (35)
What [49, 50] pointed out is that, by unitary, or equivalently, canonical transformation, the
eigenvalue problem of I can be converted into that of the simple harmonic oscillator, in which
both the mass and the frequency are time independent. As a result, the Lewis phase behaves
like the phase Ent appearing in the time evolution of energy eigenstate,
αn(t) = −
(
n +
1
2
)∫ t dt′
M(t′)ρk(t′)2
, (36)
and the solution to the Schro¨dinger equation has the form similar to that of simple harmonic
oscillator :
ψk,n(t) = e
iαn
( 1√
πn!2nρk
)1/2
e
[
iM
2
ρ˙k
ρk
− 1
2ρ2
k
]
(ϕ˜A
k
)2
Hn(ϕ˜
A
k
/ρk). (37)
From the mass and the frequency given by (30), the equation for ρk in our case becomes
ρ¨k + 3Hρ˙k +
[k2
a2
+m2
]
ρk =
1
a6ρ3k
. (38)
This ρk plays the role of 1/
√
MΩ and is closely connected to the uncertainty in the probability
distribution as |ψ|2 is interpreted as a probability density.
Now let us suppose m = 0. Then the differential equation for ρk,
ρ¨k + 3Hρ˙k +
k2
a20
e−2Htρk =
e−6Ht
a60ρ
3
k
, (39)
where we set a = a0e
Ht, has a solution
ρk =
H
k3/2
√
k2 + (aH)2
aH
, (40)
as already obtained in [43]. For sufficiently large t, ρk ≃ H/k3/2 is almost constant in time. This
result is remarkable as it provides another way to obtain the two-point correlator. Typically,
the mode expansion for the massless scalar field on the perfect dS background is given by
ϕ˜(x) =
∫
d3k
(2π)3
eik·x√
2ka
[
e−ikτ
(
1− i
kτ
)
ak + e
ikτ
(
1 +
i
kτ
)
a†−k
]
, (41)
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with the conformal time τ = −(aH)−1. Even though the curvature perturbation does not
appear in perfect dS, the expression above is a good approximation for the small slow-roll
parameter, ǫ ≪ 1. The nature coming from spontaneous breaking of dS isometry is restored
by taking R = ϕ˜/(√2ǫmPl) as the field variable (see footnote 3). From (41) the two-point
correlator is given by
〈ϕ˜kϕ˜k′〉 =
1
2ka2
[
1 +
1
(kτ)2
]
δ3(k+ k′) =
H2
2k3
[
1 +
k2
(aH)2
]
δ3(k+ k′)
=
ρ2k
2
δ3(k + k′).
(42)
The connection between the two-point correlator and ρk is clear from the wavefunction (37)
with n = 0, which is Gaussian. To see this in detail, we first consider the ‘generating functional’,
Z =
∫ ∏
k
dϕ˜R
k
dϕ˜I
k
P (ϕ˜k)e
1
2
[JR
k
ϕ˜R
k
+JI
k
ϕ˜I
k
] =
∫ ∏
k
dϕ˜R
k
dϕ˜I
k
( 1
πρ2k
)
e
−
(ϕ˜R
k
)2
ρ2
k
+ 1
2
JR
k
ϕ˜R
k
e
−
(ϕ˜I
k
)2
ρ2
k
+ 1
2
JI
k
ϕ˜I
k
.
(43)
The 1/2 factor in the source term comes from the fact that ϕ˜−k is just ϕ˜
†
k
hence (ϕ˜R
k
, ϕ˜I
k
) and
(ϕ˜R−k, ϕ˜
I
−k) = (ϕ˜
R
k
,−ϕ˜I
k
) are not independent variables. As a result, we can give the common
source term J−kϕ˜k + Jkϕ˜−k for k and −k modes by taking (JR−k, JI−k) = (JRk ,−JIk). The
1/2 factor means that this common source term is divided in half into source terms for k
and −k modes, respectively. Moreover, from JR
k
ϕ˜R
k
+ JI
k
ϕ˜I
k
= J−kϕ˜k + Jkϕ˜−k, one finds that
J±k =
1
2
(JR
k
± iJI
k
). Then the generating functional is calculated to be
Z =
∏
k
e
ρ2
k
16
[(JR
k
)2+(JI
k
)2] = e
∫
d3k
(2pi)3
ρ2k
4
JkJ−k. (44)
From this, the two point correlator can be understood as
〈ϕ˜kϕ˜k′〉 =
∫ ∏
k
dϕ˜kϕ˜kϕ˜k′P (ϕ˜k) =
δ2Z
δJkδJk′
∣∣∣
Jk=J−k=0
=
ρ2k
2
(2π)3δ3(k+ k′).
(45)
Now, the expanding universe stretches the wavelength of the fluctuation such that after
t = (1/H) log(k/H) at which k = a(t)H is satisfied, ϕ˜k behaves like the fluctuation in the
classical trajectory of the inflaton field value. As time goes on, the fluctuation in ϕ˜k with the
wavenumber satisfying k = a(t)H begins to provide the accumulated uncertainty in the inflaton
displacement. Let us suppose that the inflaton has a some specific classical value at ti. Then
the accumulated uncertainty generated during a time interval tf − ti as seen at much later time
is given by the integration of (45) over momenta k and k′,
〈ϕ(tf )2〉 − 〈ϕ(ti)2〉 =
∫
d3k
(2π)3
d3k′
(2π)3
〈ϕ˜kϕ˜k′〉 =
∫ kf
ki
dk
k
(H
2π
)2
=
(H
2π
)2
log
(kf
ki
)
. (46)
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Here the upper- and the lower bounds of integration satisfy ki = a(ti)H and kf = a(tf)H ,
respectively, hence dk/k is interpreted as d(aH)/(aH) = dNe and the ratio log(kf/ki) is iden-
tified with the variation ∆Ne = H(tf − ti). Then (H/2π)2 becomes the uncertainty generated
per unit e-fold.
For the higher excitations, each of real and imaginary parts of ϕ˜A
k
is governed by the prob-
ability distribution coming from (37) with n > 0. Since it is equivalent to the probability
distribution for the harmonic oscillator except for the replacement of 1/(MΩ) by ρ2k, we expect
that the uncertainty for the k mode is given by (n + 1
2
)ρ2k as can be read off from the uncer-
tainty for the n th excitation of the harmonic oscillator. This indeed is verified in the explicit
calculation in [43]. In terms of the harmonic oscillator, the uncertainty is interpreted as a half
of the maximal displacement squared. That is, given energy (n + 1
2
)Ω, the ‘maximal displace-
ment’ from ϕ˜k = 0, 2(n+
1
2
)ρ2k is obtained by equating the energy with
1
2
MΩ2ϕ˜2
k
, and replacing
1/(MΩ) by ρ2k. For large n, the probability is maximized at the maximal displacement. This is
consistent with the classical interpretation of the simple harmonic oscillator that the velocity
of a particle in the oscillator vanishes at the maximal displacement hence probability to detect
the particle, P ∼ [2M [(n+ 1
2
)Ω− 1
2
MΩ2ϕ˜2
k
]]−1/2 is maximized there. In our case, we just further
need to replace MΩ by 1/ρ2k, which gives P ∼ ρk[2(n+ 12)− ϕ˜2k/ρ2k]−1/2. If all the k modes are
in the same nth excitation, integrating the uncertainty for the k mode over momentum gives
the accumulated uncertainty in the classical inflaton field value :
〈ϕ(tf)2〉 − 〈ϕ(ti)2〉 = (2n+ 1)
∫ kf
ki
dk
k
(H
2π
)2
= (2n+ 1)
(H
2π
)2
∆Ne. (47)
Therefore, the uncertainty generated during a single e-fold becomes (2n + 1)(H/2π)2. Of
course, it is not necessary that different k mode states share the same excitation number, then
the uncertainty would be smaller than (2nmax + 1)(H/2π)
2. From now on, we restrict our
attention to the simplest case that all the k modes share the same excitation number to make
the discussion simple and emphasize the effects of large n more explicitly.
4 Condition for the eternal inflation
The basic idea underlying the eternal inflation is that the inhomogeneous quantum fluctua-
tions contribute to the uncertainty in the classical inflaton displacement in an accumulative
way as they behave like the classical fluctuations after the horizon crossing. The probability
distribution for the inflaton displacement is obtained by solving the Fokker-Planck equation.
It describes the random walk of the inflaton trajectory induced by the Gaussian noise, the
averaged effect of the quantum fluctuation. Then the cosmological perturbation theory tells
us that the inflaton displacement after ∆Ne follows the Gaussian probability distribution with
the uncertainty given by (H/2π)2∆Ne, which is consistent with the n = 0 solution to the
WDW equation. On the other hand, some causal patches in the universe may be in the higher
excitations, n > 0. Indeed, even if the patch we belong to is in the n = 0 state, it may be
evolved from the patch in the superposition of the n = 0 state and the higher excitations.
As a single patch becomes e3 ≃ 20 patches after a single e-fold, some of 20 patches can be
in the higher excitation, the probability of which is determined by how different excitations
are superposed. Then we need to investigate whether the inflaton displacement for the higher
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excitation patch still follows the Gaussian probability distribution, in which the uncertainty is
given by (2n+1)(H/2π)2. As we will see, the Gaussian distribution is a quite plausible ansatz
under the assumption that the classical trajectory of inflaton is regulated by the random walk.
From this, we find that the enhanced uncertainty for the higher excitation gives the relaxed
condition for the eternal inflation compared to that for the n = 0 case.
4.1 Probability distribution for the inflaton displacement with n > 0
As we have seen, when the causal patch is in the nth excitation state, quantum fluctuation for
the k mode has an uncertainty given by (n+ 1
2
)ρ2k. This value indeed is a half of the ‘maximal
displacement’ squared in the simple harmonic oscillator analogy. For large n, the maximal
displacement corresponds to the most probable value of ϕ˜k. Meanwhile, the quantum fluctu-
ations contribute to the probability distribution for the classical inflaton displacement after
the wavelength is stretched beyond the horizon. Then k stands for time when the fluctuation
begins to contribute through the relation k = a(t)H . Hence, we can convert the uncertainty
in the k mode quantum fluctuation ϕ˜k into the uncertainty in the inflaton displacement ϕ(t)
generated per unit e-fold, (2n+ 1)(H/2π)2∆Ne.
The situation above can be modelled in a following way. We first divide the unit e-fold
into infinitesimal intervals, such that ∆Ne = MdNe with dNe → 0 and M → ∞. After
dNe, the inflaton moves either forward or backward by the unit length
√
(2n+ 1)dNe(H/2π).
Other values of displacement are assumed to be not so much probable so neglected. We can
compare this with what actually happens, in which the probability for ϕ˜2
k
is maximized at
2(n + 1
2
)ρ2k with the strong concentration for large n. After converting k into time when the
mode begins to cross the horizon, we can say ϕ(t) moves by either +
√
2(2n+ 1)dNe(H/2π)
or −
√
2(2n+ 1)dNe(H/2π) by neglecting the probability for ϕ˜k to have other values. We
note that the uncertainty (n+ 1
2
)ρ2k which gives the unit length and the maximal displacement
squared 2(n + 1
2
)ρ2k at which the probability is maximized are different by the factor 2. This
factor 2 ambiguity can be regarded as a correction from nonzero probability at other values of
ϕ˜k where the probability is not maximized so we can drop the factor 2.
Then the situation is the same as the simple model for a random walk, in which the particle
moves either forward with the probability p or backward with the probability 1 − p by unit
length at each step (see, e.g., chapter 1 of [55]). In our case, p = 1/2 by symmetry of the
probability density |ψ|2 under ϕ˜k → −ϕ˜k. Then the probability that the particle (ϕ(t) in
our case) moves m units from the original positions after M steps is given by the binomial
distribution,
PM(m) =
M !(
M+m
2
)
!
(
M−m
2
)
!
p
(
M+m
2
)
(1− p)
(
M−m
2
)
=
M !(
M+m
2
)
!
(
M−m
2
)
!
(1
2
)M
, (48)
in which the mean value and the uncertainty are given by m = M(p − (1 − p)) = 0 and
(∆m)2 = 4Mp(1 − p) = M , respectively. As M → ∞, we can regard m as a continuous
variable, and the binomial distribution can be replaced by the Gaussian distribution with the
same mean value and the uncertainty,
P (m) =
1√
2πMp(1 − p)e
−
(m−M[p−(1−p)])2
8Mp(1−p) , (49)
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which is a good approximation for m≪M . In terms of the unit length √(2n+ 1)dNe(H/2π),
the normalized probability distribution becomes
P (ϕ) =
1√
2π∆ϕ
e
−
(ϕ−ϕ)2
2∆ϕ2 , (50)
with
ϕ = m
√
(2n+ 1)dNe
H
2π
= 0,
(∆ϕ)2 = 4Mp(1− p)(2n+ 1)dNe
(H
2π
)2
= (2n+ 1)∆Ne
(H
2π
)2
,
(51)
where we used MdNe = ∆Ne for the last equality.
While based on much simplification, the arguments above show that the Gaussian distribu-
tion is a good description for the inflaton displacement for large n, up to order one factor on
(∆ϕ)2 which may come from the factor 2 ambiguity.
4.2 Eternal inflation in the higher excitations
Since we have obtained the probability distribution for the inflaton displacement generated
by quantum fluctuations we can find the condition for the eternal inflation by comparing this
with the inflaton displacement governed by the classical equation of motion. For this purpose,
we can follow the well-known discussion. During a single e-fold the inflaton rolls down by
−ϕ˙∆t = −(ϕ˙/H)∆Ne. For the eternal inflation to take place, the inflaton displacement induced
by quantum fluctuations needs to be at least (ϕ˙/H)∆Ne to compensate it. Then the inflaton is
pushed up the potential and the vacuum energy does not decrease. Since a single patch expands
to become e3 ≃ 20 patches after a single e-fold, we require that the vacuum energy does not
decrease in at least one of these patches. Therefore, the condition for the eternal inflation is
written as, using the Gaussian probability distribution (50),
Pr
(
ϕ >
ϕ˙
H
)
=
∫ ∞
ϕ˙/H
dϕP (ϕ) =
1
2
erfc
( ϕ˙/H√
(∆ϕ)2
)
> e−3, (52)
i.e., the total probability that the inflaton is pushed up the potential is larger than e−3. We
note that erfc(x) ∼ [e−x2/(x√π)](1 − 1
2x2
+ · · · ). While this series expansion is valid for
|x| ≫ 1, it is enough for the rough estimation of the above inequality, which results in ϕ˙ .
[
√
3/(2π)]
√
2n + 1H2. From (13), this condition is equivalent to
ǫ .
3
8π2
(2n+ 1)
H2
m2Pl
, (53)
i.e., if the patch in the large n state expands, the condition for the eternal inflation is relaxed
by a factor 2n+ 1. We note that since the WDW equation we solved assumes almost constant
H , ǫ≪ 1 is required. Hence, the bound for arbitrary large n, say, n ∼ m2Pl/H2 is meaningless.
In general, the state of a causal patch is a superposition of different excitations. For a
concrete discussion, consider the evolution of a single patch in the superposed state |ψ〉 =
c0|n = 0〉 + c10|n = 10〉 with |c0|2 + |c10|2 = 1. Then a set of e3 patches evolved from this
12
original patch after a single e-fold can be regarded as an ensemble of the same quantum state
|ψ〉. When the power spectrum and other cosmological parameters are ‘measured’ by observers
scattered in e3 patches, the state in each patch would ‘collapse’ into either n = 0 or n = 10, with
probabilities |c0|2 and |c10|2, respectively. That is, among e3 patches about |c0|2×e3 patches are
in the state |n = 0〉 and about |c10|2 × e3 patches are in the state |n = 10〉. Once the collapse
takes place, the state of the patch is no longer superposed and each patch has a different eternal
inflation condition for a next e-fold : when n = 0 the eternal inflation takes place for ǫ . H2/m2Pl
but when n≫ 1, say, n = 10, even larger ǫ satisfying ǫ . 2n(H2/m2Pl) = 20× (H2/m2Pl) allows
the eternal inflation.
4.3 Nonlinear interaction effects
The Hamiltonian (27) we considered is quadratic in ϕ˜, in which nonlinear (cubic or higher order
in ϕ˜) interactions have been neglected. This is quite a reasonable assumption since the size of
nonlinear interaction is suppressed by ǫ as well as H/mPl, both of which are much smaller than
1. For example, the cubic interaction typically has the form of [56]
Hcubic ∼ a3ǫ3m2PlH2R3 + · · · ∼ a3ǫ3/2
H2
mPl
ϕ˜3 + · · · . (54)
From this, we can estimate the transition probability between two different excitations. For
this purpose we define the creation/annihilation operators [51]
AR,Ik =
1√
2
[ ϕ˜R,I
k
ρk
+ i(ρkπ˜
R,I
k
−Mρ˙kϕ˜R,Ik )
]
,
(AR,Ik )
† =
1√
2
[ ϕ˜R,I
k
ρk
− i(ρkπ˜R,Ik −Mρ˙kϕ˜R,Ik )
]
.
(55)
In terms of these operators, the Lewis-Riesenfeld invariant for each k mode is written as I =
A†A + 1
2
and the wavefunction ψn can be regarded as the excitation |n(t)〉 = (n!)−1/2(A†)n|0〉.
Then we immediately find ϕ˜R,I
k
= (ρk/
√
2)[AR,Ik + (A
R,I
k )
†] hence the cubic term ϕ˜3 contains
various combinations A3, (A†)3, A2A†, and (A†)2A up to ordering, inducing the transition
between different excitations. We also note that possible transitions are also determined by the
momentum conservation. Then transitions between states in which various excitation numbers
are assigned to each of the kmodes take place but we do not consider it in detail and concentrate
on the size of the transition amplitude resulting from the cubic interaction. We just treat
different ks contributing to the transition amplitude as a single k for the rough estimation.
Now consider the wavefunction in the form of
|ψ〉 =
∑
n
c{n}(t)|{n(t)}〉. (56)
Here, the basis state |{n(t)}〉 is the product of the k mode states as can be found in (28), and
{n} denotes a set of excitation numbers assigned to each of the k mode states. Indeed, even if
k modes in the initial state share the common excitation number, the cubic interaction induces
the transition to the state in which different excitation numbers are assigned to each of the k
mode states. We also note that the time dependence in the coefficients c{n}(t) comes from the
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cubic interaction. Since the total Hamiltonian density is given by Htot = H+Hcubic where H is
the quadratic Hamiltonian density we have considered (hence iψ˙n = Hψn), we find that c{n}(t)
with the initial condition c{n}(0) = δni for some initial excitation |{i}〉 is given by
c{n}(t) ≃ δni − i
∫
d4x〈{n}(t)|Hcubic|{i}(t)〉. (57)
If our initial time is much larger than (1/H) log(k/H), ρk ≃ H/k3/2 is almost constant and the
Lewis phase,
αn = −
(
n+
1
2
) ∫ t
dt
dt′
a3ρ2k
≃ −(n+ 1
2
) k3
(a(t)H)3
(58)
is the only phase in the wavefunction ψk,n. Then the transition amplitude from |{i}(t)〉 to
|{n}(t)〉 per unit volume is given by (up to n dependence) 4
∫
dt〈{n}(t)|Hcubic|{i}(t)〉 ∼ e−3Ht
∫
dte−i(αn−αi)
( ρ3k
23/2
e3Htǫ3/2
H2
mPl
)
∼ H
3
k9/2
ǫ3/2
( H
mPl
)
e
−i k
3
(a0H)
3 e
−3Ht(n−i)
,
(59)
where we keep the dominant term at large t only. As expected, the probability for the tran-
sition between different excitations is suppressed by small ǫ and H/mPl. While the transition
amplitude typically enhanced by the large excitation number, an arbitrary large value of it
invalidates our perturbative estimation.
On the other hand, the nonlinear interaction allows the interaction between long- and short
wavelength modes, which is not present in the quadratic action. Especially, superhorizon modes
lose their quantum nature through the interaction with the subhorizon modes. Such ‘decoher-
ence’ provides the mechanism for the quantum-to-classical transition. But decoherence does
not occur immediately after the horizon crossing : it takes the ‘decoherence time’ given by
tdec ∼ (1/H) log[(
√
ǫmPl)/((ǫ+ η)H)] in addition [57].
5 Since the eternal inflation is the effect
of the superhorizon modes, we expect that the delay in becoming classical fluctuations by deco-
herence changes the probability distribution of the inflaton displacement. More concretely, the k
mode becomes classical not at t = (1/H) log(k/H) satisfying k = aH , but (1/H) log(k/H)+tdec.
From this, [63] suggested that the mode which crosses the horizon at ti − tdec, rather than ti
contributes to the probability distribution for the inflaton displacement generated at ti. It
means that the quantum fluctuation which becomes ‘completely’ (after decoherence) classical
at ti affects the inflaton displacement which rolls down from ϕ(ti) + ϕ˙tdec, rather than ϕ(ti).
This in fact does not cause a significant change since we just need to shift the time t by tdec.
The uncertainty does not change, and the classical inflaton displacement during a single e-fold
4Of course, the rigorous calculation is done in the momentum space and integration over x gives the overall
δ function which is equivalent to the overall volume. We further multiply the result by e−3Ht for the transition
amplitude per ‘unit volume’ as the volume expands as e3Ht.
5 For the tensor perturbation, the decoherence time is given by (1/H) log(mPl/H) [58]. The fact that this
time scale has to do with the time scale for the trnas-Planckian mode to escape the horizon leads to the
‘trans-Planckian censorship conjecture’ [59] (see also [60, 61] for the black hole analogy). We also note that the
decoherence does not mean the complete disappearance of the quantum effect [62].
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also does not change at the formal level : ∆ϕ = [ϕ(ti)− ϕ˙(H−1− tdec)]− [ϕ(ti) + ϕ˙tdec], which
is just −ϕ˙H−1. The leading decoherence effect appears in the shifted time at which ϕ˙ is calcu-
lated [63]. For example, as suggested in [63], we can take ϕ˙ to be the value when ϕ passes the
averaged position 1
2
[[ϕ(ti)− ϕ˙(H−1 − tdec)] + [ϕ(ti) + ϕ˙tdec]] = ϕ(ti) + ϕ˙tdec − 12 ϕ˙H−1.
4.4 Entropy consideration
As shown in section 4.3, the nonlinear interaction can induce the transition between different
excitations even though the probability is suppressed by small ǫ and H/mPl. Then we can
ask if there is a ‘direction’ of the transition toward some specific n. Indeed, in the adiabatic
approximation, the n = 0 state is regarded as a ground state, so we expect that after a long
enough time, transitions lead to the settlement of the patches in the n = 0 state. While the
exponential expansion in time invalidates the adiabatic approximation in our case, we may
reach the same conclusion by considering the second law of thermodynamics along the line of
discussion in [44].
For this purpose, we compare the changes in the entropy during ∆Ne originated from two
cases : one from the classical displacement ∆clϕ = −(ϕ˙/H)∆Ne and another from the quantum
fluctuations ∆quϕ =
√
(2n+ 1)dNe(H/2π). Since the entropy of dS spacetime is given by
(m2Pl/4)×(area of the horizon)= πm2Pl/H2 [64], it is increased by the classical trajectory of
the inflaton which decreases H but decreased by the quantum fluctuations contributing to the
eternal inflation which increase H . To see this explicitly, we first estimate the increment of the
entropy induced by the classical slow-roll of the inflaton :
∆clS = −2πm2Pl
H˙
H4
∆Ne = 2ǫS∆Ne. (60)
To see the physical meaning of it, we note that the size of the density perturbation generated
during a single e-fold is given by [45]
∆ρ
ρ
∼ H∆qut = H
ϕ˙
∆quϕ =
√
2n+ 1
2π
√
2ǫ
H
mPl
, (61)
in terms of which the classical increment of the entropy during a single e-fold is written as
∆clS ≃ (2n + 1)(ρ/∆ρ)2 up to order one coefficient. If the condition for the eternal inflation
(53) is satisfied, ∆clS . (2n+ 1) (for ∆Ne = 1) hence the density perturbation ∆ρ/ρ becomes
larger than 1, i.e., large enough to generate the primordial black hole and the perturbative
approach becomes unreliable. We note that the enhancement factor 2n+ 1 is irrelevant to the
bound on the density perturbation.
On the other hand, the decrement of the entropy induced by the quantum fluctuation is
estimated as
∆quS =
dS
dt
∆qut = −2πm
2
Pl
H3
H˙
ϕ˙
∆quϕ = −
√
ǫ√
2
√
(2n+ 1)∆Ne
mPl
H
= −1
2
√
2n+ 1(∆clS)
1/2,
(62)
where we used ǫ = +H˙/H2 since H˙ > 0 in the eternal inflation. This shows that the decrease
in the entropy by the eternally inflating patch gets larger as n gets larger, so it is difficult to
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overcome it by the increase in the entropy by the slow-rolling patch. Then we can infer that
the increase in the total entropy as required by the second law of thermodynamics prefers the
n = 0 state, rather than the large n state. Of course, it will take much time until the states of
patches are stabilized to n = 0 state, hence eternal inflation induced by large n excitations is
not ignorable.
5 Conclusions
In (quasi)dS spacetime, the quantum fluctuations of the curvature perturbation, the gauge
invariant quantum fluctuation of the inflaton evolve into the classical ones as they cross the
horizon, generating the uncertainty in the classical inflaton displacement accumulatively. When
the Hubble parameter H varies much slowly such that ǫ is very tiny, the probability that the
vacuum energy does not decrease is not negligible then the eternal inflation takes place. In the
cosmological perturbation theory, the power spectrum predicts that the uncertainty is given by
(H/2π)2∆Ne. On the other hand, the probability distribution for the curvature perturbation
can be obtained by solving the WDW equation. This shows that the uncertainty obtained
from the power spectrum in cosmological perturbation theory is one of various possibilities
corresponding to the ‘ground state’ of the time dependent harmonic oscillator. Moreover, the
WDW equation also provides the larger uncertainty (2n+ 1)(H/2π)2∆Ne in which the integer
n labels a tower of ‘excitations’. As a result, the bound on the slow-roll parameter ǫ that allows
the eternal inflation is given by ǫ . (2n + 1)(H/mPl)
2. The value of ǫ much larger than the
well-known bound (H/mPl)
2 can give rise to the eternal inflation if some of causal patches are in
the n≫ 1 state. This can be one of examples that the WDW equation captures what we may
have missed in the perturbative approach. On the other hand, nonlinear interaction induces
the transition between different excitations, and the second law of thermodynamics seems to
prefer the n = 0 state. Even in this case, the transition probability is small, hence the existence
of higher excitations during long enough period results in the evolution of the universe different
from that of the universe in a mere n = 0 state as the bound for the eternal inflation is relaxed.
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A Uncertainty for the infrared modes
In the discussion on the eternal inflation, we are interested in the accumulated uncertainty in
the inflaton displacement during ∆Ne = 1. Since it considers the change in uncertainty, the
common contribution from the infrared mode is irrelevant. On the other hand, an uncertainty
from the infrared mode k ≪ a|m| is formally equivalent to the probability distribution for the
massive, homogeneous ∂iϕ = 0 scalar field which is not affected by the super-horizon mode
fluctuations as studied in section 3.2. Since it is instructive to investigate the time change in
the uncertainty, we discuss it in this appendix.
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The differential equation for ρ in this case is,
ρ¨+ 3Hρ˙+m2ρ =
e−6Ht
a60ρ
3
, (A.1)
the solution to which is given by
ρ =
H
2
e−
3
2
Ht
[
e−3Ht
√
1− 4
9
m2
H2 + 16e3Ht
√
1− 4
9
m2
H2
]1/2
(a0H)3/2
[
9− 4m2
H2
]1/4 , or
ρ =
H
2
e−
3
2
Ht
[
16e−3Ht
√
1− 4
9
m2
H2 + e3Ht
√
1− 4
9
m2
H2
]1/2
(a0H)3/2
[
9− 4m2
H2
]1/4 .
(A.2)
In any case, as time goes on, ρ behaves like
ρ ∼ H
(a0H)3/2
e−
3
2
Ht+ 3
2
Ht
√
1− 4
9
m2
H2 , (A.3)
up to order one factor. If we are interested in the evolution of a single causal patch, we can
take the value of a(t) at t = 0 to be H−1, or a0 = H
−1. Then since m2 ≪ H2, we have ρ ∼ H
like the massless case.
We also note that the exponent in (A.3) is expanded as −1
3
H(m2/H2)t. When m2 < 0,
the uncertainty gradually increases in time, reflecting the instability of the classical trajectory
under the quantum fluctuation. The uncertainty reaches the cutoff scale, say, Planck scale mPl
after t = 3/(H|η|) log(mPl/H). Here, we estimate m2 = ηH2 for the curvature perturbation,
in which η is identified with m2PlV
′′/V in the slow-roll approximation. After this time, the
quantum fluctuation can disperse to trans-Planckian scale, and we expect that the quantum
gravity effect that we are not aware of may emerge. For example, the trans-Planckian inflaton
displacement by the quantum fluctuation may make some particles whose masses are connected
to the inflaton field value descend from UV to spoil the effective theory we have used. This is
the prediction of the distance conjecture [65], motivated by the descent of KK mode for the
large radion value in the presence of the extra-dimension. The time scale for the breakdown
of effective theory predicted by the distance conjecture, with the help of the Bousso’s entropy
bound [66] is given by 1/(
√
ǫHH) log(mPl/H), shorter than our result by a factor of the square
root of the slow-roll parameter [19, 20]. On the other hand, when m2 > 0, the uncertainty
becomes smaller as time goes on : after t = 3/(ηH), the uncertainty becomes much smaller
than H , and the infrared mode more or less follows the classical trajectory.
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